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1. Introduction
Stationary axially symmetric spacetimes, especially the Kerr spacetime as the model
for rotating black holes, have proven to be a useful arena for studying various
relativistic eects. In particular the consequences of rotation in relativity compared
to the simpler picture of Newtonian physics are naturally explored within this class of
spacetimes, other interesting cases for this purpose being the Go¨del spacetime in its
stationary axially symmetric form and the Minkowski spacetime in uniformly rotating
cylindrical coordinates.
In the past decade a signicant eort from various points of view has been
invested in developing a careful analysis of test particle and test gyroscope motion
in rotating black hole spacetimes in connection with the denition of inertial forces in
general relativity as well as in clarifying the meaning of \nonrotation" in a \rotating"
spacetime. The tools of gravitoelectromagnetism [?, ?], i.e., spacetime splitting
techniques based on families of test observers, can be very helpful in this investigation.
Each such family measures spacetime quantities relative to its own local space and
time directions, thus performing a \relative observer analysis." Here we study the so-
called \gravitomagnetic clock eect" and the related Sagnac eect using these tools.
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This is especially interesting for the clock eect since there are actually attempts under
consideration to measure it.
One must distinguish three distinct gravitomagnetic clock eects for a pair of
oppositely rotating circular geodesic test particles (oppositely rotating with respect to
an intermediate observer):
(i) the observer-dependent single-clock clock eect: the dierence between the
periods of the oppositely rotating geodesic test particles as measured by the
observer’s clock [?],
(ii) the observer-dependent two-clock clock eect: the dierence between the periods
of the oppositely rotating geodesic test particles as measured by their own clocks
for one revolution with respect to an observer [?, ?, ?], and
(iii) the observer-independent two-clock clock eect: the dierence between the
periods of the oppositely rotating geodesic test particles as measured by their
own clocks between two crossing events [?, ?, ?, ?].
In the rst two cases, for a given observer, one compares the periods of one revolution
of these orbits (starting from and returning to the same observer world line) measured
either by the observer’s own clock (single-clock eect) or by the clocks carried along
the two orbits (two-clock eect). In the third case, no observer enters the calculation.
Here we draw some connections between these eects and the Sagnac and
desynchronization eects and the usual symmetry adapted coordinates in these
spacetimes, while extending some previous work. In particular we extend Semerak’s
result [?] for the observer-dependent two-clock clock eect for extremely accelerated
observers in the Kerr and van Stockum spacetimes to general stationary axially
symmetric spacetimes and explain its connection to the single-clock clock eect, where
these observers also play a special role. Finally the observer-independent two-clock
clock eect is illustrated for the Go¨del spacetime and all the clock eects for the
equatorial plane of the Kerr-Taub-NUT spacetime.
2. Metric splitting
Consider the spacetime metric
ds2 = ds2(t,φ) + grrdr
2 + gθθd2 ; (2.1)
with the metric of the circular orbit cylinder written in the respective coordinate,
threading and slicing notation
ds2(t,φ) = gttdt
2 + 2gtφdtd + gφφd2
= −M2(dt−Mφd)2 + γφφd2
= −N2dt2 + gφφ(d + Nφdt)2 ; (2.2)
where in the case of Kerr spacetime, ft; r; ; g are the usual Boyer-Lindquist
coordinates adapted to the family of static observers (or threading observers, with
4-velocity m = M−1@t and world lines along the time coordinate lines) and to the
ZAMOs (or slicing observers, with 4-velocity n = N−1(@t − Nφ@φ) and world lines
orthogonal to the time coordinate hypersurfaces). The spacelike unit vectors giving
the (increasing ) angular direction in the local rest space of these observers are
m = γ−1/2φφ (@φ + Mφ@t) ; n = g
−1/2
φφ @φ : (2.3)
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The measurement of spacetime quantities in terms of the 1 + 3 orthogonal
decomposition associated with the threading observers (moving along the time lines|
the \threading" of spacetime) is called the threading point of view, while the
corresponding measurement process associated with the slicing observers (moving
orthogonal to the time hypersurfaces|the \slicing" of spacetime) is called the slicing
point of view.
For other spacetimes in this general symmetry class, like the cylindrically
symmetric Go¨del or van Stockum spacetimes [?], for example, a more convenient
notation would use cylindrical-like -z coordinates instead of spherical-like r-
coordinates and the Lewis-Papapetrou form of the metric. In any case, when
restricting this metric to the equatorial plane  = =2 in Kerr, as will be done for
most of our explicit work, a simple correspondence −@θ ! @z and r !  will map one
form onto the other.
All of the Kerr-specic discussion below applies to the entire type-D many-
parameter family of solutions treated by Carter [?, ?]. For these spacetimes an
additional preferred observer 4-velocity u(car) [?] is the direction of the intersection
of the t- plane in the tangent space with the plane spanned by the two independent
principal null directions of the Weyl tensor; in this frame the electric and magnetic
parts of the Weyl tensor and of the electromagnetic eld tensor if present are
proportional (the form of the Kerr metric adapted to the Carter observers is just the
Boyer-Lindquist dierence of squares form of the t;  2-metric given in Misner, Thorne
and Wheeler [?], Eq. (33.2)). Furthermore, in this class of spacetimes the timelike
Killing vector @t along m is assumed to be the unique such eld which has unit norm
at spatial innity in the direction away from the symmetry axis, i.e., corresponding
to the distantly nonrotating observers. For all spacetimes under consideration, the
spacelike Killing vector eld @φ is the unique such eld with closed integral curves.
The single-clock clock eect discussion requires that there exist a pair of
oppositely rotating geodesics with respect to the distinct preferred observer m, which
excludes the case that the Killing direction m itself is geodesic, as occurs in the Go¨del
spacetime. However, the two-clock clock eect can still be considered there.
The lapse and shift notation in the two points of view has the following dual
correspondence
@t = Nn + Nφ@φ ; dt = M−1(−m[) + Mφd ; (2.4)
where m[ is the \index-lowered" 1-form corresponding to the vector eld m. If u,
u = m; n, is a proper time parametrization of the threading and slicing world lines,
then the lapse functions relate dierential increments of coordinate time to proper
time along the world line
dm = Mdt ; dn = Ndt : (2.5)
For constant speed circular orbits, the same relationships apply to nite time intervals.
The shift elds describe the tilting of the local time and space directions of
the slicing and threading observers respectively from the time coordinate lines and
hypersurfaces. In the slicing point of view the local time direction of the slicing
observers is the direction for which the 1-form n[ / d + Nφdt vanishes (equivalent
to orthogonality to the angular direction n)
d = −Nφdt ! d=dt = −Nφ = (sl) ; (2.6)
which gives the rate of change of angle with respect to time (angular velocity) of the
slicing observer world line following the local time direction.
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Table 1. The lapse, and the nonzero observer-adapted components of the shift
and spatial metric in both the threading and slicing points of view are given
for the Kerr black hole spacetimes on the equatorial plane, with the abbreviation
∆ = r2−2Mr+a2. The assumption a > 0 corresponds to the hole rotating in the
counterclockwise (forward) angular -direction. Angular velocities determining
the local time direction and local forward angular direction are also given for
these observers and the Carter observers.
N = (−gtt)−1/2
√
r∆=(r3 + a2r + 2a2M)
Nφ −2aM=(r3 + a2r + 2a2M)
gφφ (r




Mφ = −gtφ=gtt −2aM=(r − 2M)




(sl) ; ¯(sl) −Nφ ; 0
(th) ; ¯(th) 0 ; M
−1
φ
(car) ; ¯(car) a=(r
2 + a2) ; 1=a
In the threading point of view, the local spatial angular direction (in the local rest
space of the threading observer) is the direction for which the 1-form m[ / dt−Mφd
vanishes (equivalent to orthogonality to the direction m)
dt = Mφd ! dt=d = Mφ = (th)−1 ; (2.7)
which gives the rate of change with respect to angle of the time coordinate along
a circular curve which is spatial with respect to the threading observers (an inverse
angular velocity). The coordinate time dierence which accumulates along such a
curve after one complete revolution with respect to the threading observers, which
may be converted into a proper time with respect to those observers by multiplication
by the lapse function, is called the synchronization gap [?]
t(SG) = 2Mφ ; (SG) = 2MMφ : (2.8)
Circular orbits in the Kerr spacetime equatorial plane will be used to illustrate
the various ideas introduced for the entire symmetry class of spacetimes under
consideration. The metric coecients, lapse and shift factors, and angular velocities
of the local time and angular directions for this case are given explicitly in Table 1.
3. Circular orbit geometry
Consider a generic observer with 4-velocity U following a circular orbit world line,
moving along the  direction with constant angular velocity  = d=dt = _. Its world
lines may be taken as a new threading associated with the new comoving coordinates
dened by
~t = t ; ~ = − t : (3.1)
Gravitomagnetism and Relative Observer Clock Effects 5
The orthogonal decomposition of the metric adapted to this observer corresponds to
the new threading decomposition
ds2(t,φ) = − ~M2(d~t− ~Mφ˜d~)2 + ~γφ˜φ˜d~2 ; (3.2)
where the new threading lapse and shift elds are
~M = Γ−1 ; ~Mφ˜ = (gφφ + gtφ)Γ
2 = ( − )−1 : (3.3)
The new observer 4-velocity U and its orthogonal partner U in both sets of
coordinates are
U = Γ(@t + @φ) = ~M−1@t˜ ; U = Γ(@t + @φ) = ~γ
−1/2
φ˜φ˜
(@φ˜ + ~Mφ˜@t˜) : (3.4)
The quantity −1 is the rate of change of coordinate time per angle along the spatial
angular direction of this new observer (along which dt− −1d = 0), associated with
the desynchronization eect. The \coordinate gamma factor" Γ = dt=dU > 0 is
dened by
Γ−2 = − [gtt + 2gtφ + 2gφφ] = −gφφ( − −)( − +)
= M2(1−Mφ)2 − γφφ2 = N2 − gφφ( + Nφ)2 : (3.5)
The reciprocal ~M = Γ−1 is the lapse function relating increments of coordinate time
to a proper time parameter U along the new threading world line
dU = Γ−1dt ; (3.6)
and for constant speed circular orbits, the same relationship applies to nite time
intervals.
The timelike condition for the unit 4-velocity U requires Γ−2 > 0, constraining 
to belong to the interval (−; +) between the roots of the quadratic equation Γ−2 = 0
in  corresponding to null directions, namely
 = [−gtφ  (gtφ2 − gφφgtt)1/2]=gφφ = [Mφ M−1γ1/2φφ ]−1 = −Nφ Ng−1/2φφ : (3.7)
A zero-rest-mass test particle (photon) has instead a 4-momentum vector of the same
form
P = Γ(null)(@t + @φ) : (3.8)
but with an arbitrary normalization factor Γ(null). Circular orbits for which  > 0 or
 < 0 will be referred to respectively as corotating or counterrotating (with respect to
the \static observers" of the original coordinate grid).
Figure 1 shows the t- plane in the tangent space at a typical radius (where both
circular geodesics are timelike) in the equatorial plane in the region of Kerr spacetime
superimposed on the t- cylinder, with its tilted vertical axis along t, tilted left with
respect to the axis along n shown perpendicular to the -direction. The null vectors
P = n n are shown with the normalization Γ(null) = N−1, where n is a unit vector
along the -coordinate line. The other two angular directions m and u(car) are also
shown at the end of one revolution of a curve which is spatial with respect to the
associated observer. The coordinate time dierence t after one such revolution
 : 0 ! 2 along the curve with direction m is called the synchronization gap for
the static observer m, easily converted into a proper time dierence measured by this
observer.
